
321 

Acta Cryst. (1954). 7, 321 

The Determinat ion  of P s e u d o s y m m e t r i c  Structures  

BY P. VOUSDEN 

Crystallographic Laboratory, Cavendish Laboratory, Cambridge, England 

(Received 19 November 1953) 

A method is described for the determination of pseudosymmetric structures with a 'superstruc- 
ture', i.e. structures where the atoms are only slightly displaced from positions corresponding 
to a higher symmetry structure in such a way that  additional reflexions result. The advantages 
of the method are its directness, and its avoidance of the problem of the thermal vibrations. 

Introduction 

The detailed determination of pseudosymmetric struc- 
tures is of considerable interest, not only because 
of the relation between the small atomic displacements 
in these structures and their crystal chemistry (e.g. 
see Megaw, 1952), but  because of the anomalous 
dielectric properties of a number of them, and in par- 
ticular of those which are ferroelectric. Up to the pre- 
sent, however, only two such pseudosymmetric struc- 
tures have been solved in detail: (a) tha t  of KH~P04 
by careful refinement of Fourier syntheses (Frazer 
& Pepinsky, 1953), and (b) tha t  of BaTi03 by the solu- 
tion of structure-factor equations (Evans, 1951). Both 
methods required the very accurate measurement of 
the intensities of a large number of high-order re- 
flexions, and the introduction of anisotropic tempera- 
ture factors. 

The use of high-order data  was essential in the 
above two examples because the atomic displacements 
appreciably affect only these intensities. The structure 
determination is therefore extremely difficult, both 
because of the lack of accurate knowledge of the 
atomic scattering factors for large values of sin 0/~t 
and because of the large effect which thermal vibra- 
tions have on the intensities. Another difficulty is tha t  
in these structures there is a strong probabili ty of 
two different displacement configurations giving near- 
ly the same intensities (e.g. see Evans, 1952). 

These difficulties can be avoided, however, in pseudo- 
symmetric structures which possess a 'superstructure' .  
In  these structures, the displacements result in addi- 
tional reflexions. These reflexions are very weak at  
low angles, and have intensities directly related to the 
displacements. The object of this paper is to show 
how they  can be used to determine the structure. 

The method described has already been applied to 
the special case of NaNbO3 (Vousden, 1951), and it  
is thought  tha t  it  should be of general interest. I t  
may  be remarked tha t  it is very difficult to apply 
Fourier methods to these structures, for in general 
we have no circumstantial evidence to suggest trial 

* Ex i s t i ng  s ign-de te rmining  methods appear to break down  
for weak  reflexions.  

values of the displacements, and thus no reliable way 
of giving s igns to  the superstructure reflexions.* 

Definit ions 

A pseudosymmetric structure may  be conveniently 
defined as one in which the atoms are only slightly 
displaced from positions corresponding to a higher 
symmetry  structure, subsequently termed the ideal 
structure, in such a way tha t  no additional symmetry  
elements are thereby introduced. These displacements 
are of the order of one-tenth of the interatomic distan- 
ces, i.e. 0.05-0.2 J~. Perhaps the best known examples 
are to be found in substances which have a pseudo- 
perovskite structure (e.g. see Wood, 1951). 

The pseudosymmetric structure may  be regarded 
as a slight distortion of the ideal structure. This 
distortion will in general result in a change in cell 
dimensions, which is appropriate to the loss of symme- 
t ry  involved. The change will be quite small, say less 
than  5 %, if the number of formula units in the unit  
cells of the two structures is the same, but, if the unit  
cell of the pseudosymmetrie structure contains more 
formula units than does the ideal structure, its dimen- 
sions will then be near to integral multiples of those 
of the original unit cell. In  this lat ter  case the distor- 
tion may  be referred to as a superstructure, and the 
structural  unit  in the pseudosymmetric structure cor- 
responding to the contents of the primitive cell of the 
ideal structure may  be termed a subcell. A super- 
structure will clearly give rise to additional reflexions 
which will be very weak at  low angles. 

Method 

Our object is to derive a set of linear equations 
which express the superstructure intensities in terms 
of the atomic displacements. The constants in these 
equations will depend only on the atomic scattering 
factors and the atomic positions in the ideal structure. 

The structure factor F(hkl) of the hkl reflex]on of 
the ideal structure may  be written, 

~V 

F(hkl) = ~ fi cos 2~ a .  ~i,  (1) 
i=1 
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I F ( h k t ) l  ~. = _ _  

Writing 

~Xmn 

so tha t  

we have 

where f~ is the scattering factor of the i th  atom, a is 
the vector in reciprocal space from the origin to the 
point Mcl, and @~ is the vector in real space from the 
origin to the i th  atom. I t  is assumed tha t  the ideal 
structure has a centre of symmetry,  a situation which 
will be the case in at  least the great major i ty  of these 
structures, but  which will not  in general be true of 
the pseudosymmetric structure. 

In  the pseudosymmetric structure let the displace- 
ment  of the i th atom in the /~ / r th  subcell be repre- 
sented by  the vector ~ .  The pseudosymmetric unit  
cell is taken to have dimensions approximately l~oqoro 
times those of the original unit  cell, Toqoro being inte- 
gers. 

We then have 

1 .,v poqoro 
. F ( h k l ) = - -  Z ~ f~ (2) 

Poqoro i= 1 v~=l 

× {cos 2~ a. (~ + s~,  + 8~ ,) + i sin 2~ a. (0~ + s ~  + 8~)  }, 

where s w~ is a vector from the origin of the unit  cell 
to tha t  of the pqrth subcell. F(hkl) can now be non- 
zero for fractional values of hkl, the corresponding 
reflexions being those of the superstructure. 

The moduli IF(hkl)l z may be written 

1 ~v, ~,.q:o 
l F(hkl)12 2 2 ~ f i f j  

(~Ooq:o) ,s-~ ~?,}  __~ 

× cos 2z~ .  (~-~i+s~q~-s~'¢~'+~-~'¢~'). (3) 

Remembering tha t  (1) is zero for the superstructure 
reflexions, then, as long as a .  ~ < 1, we have for these 
re flexions 

2~r~ ~V~ poqoro 

(Poqoro) ~/= 1 ~ r  = 1 

X Sin 2Y~a. ( ~ i - - ~ ] - ~ s ~ l r - - s P ' q ' r ' ) .  (4) 

2g 
(poqoro) z f~f~ sin 2z~ a.  ( ~ -  ~i + s ~ -  s¢¢"),  

~oqr ~--_ ~m and ~'q'"'= ~ ,  

IF(hkl)l 2 

= ~ ~ m ~ [ h ( ~ - ~ ) + k ( , ~ m - ~ ) + t ( . ~ - ~ ) ] ,  (5) 
m , n = l  

the summations being over all the atoms in the unit 
cell. 

The expressions (5) for different hkl form a set of 
linear simultaneous equations with independent coeffi- 

cients. Since the ~m~ are accurately known from the 
ideal structure these may  be solved for the 8's pro- 
vided tha t  there are enough reflexions for which the 
approximation a. ~ < 1 is valid. If we allow an error 
of 10 % in the IF(hkl)l 2, and displacements of 0.1/~, 
then we may  use reflexions up to sin 0/2 = 0.5. The 
number of superstructure reflexions within this range 
can be readily shown, by considering typical values, 
to be of the order of five times the number of para- 
meters, and this ratio is approximately independent of 
the cell volume and symmetry.  Hence there will always 
be enough reflexions, so tha t  the limiting factor is 
the number of equations it  is practicable to solve. 
The permissible number of unknowns may  be up to 
three times this number, since the displacements can 
be separated into three sets by  considering the h00 
etc. type  reflexion~ alone. 

In  special circumstances additional simplifications 
may  be made. For example, some or all of the atoms 
may  be in special positions in the ideal structure, so 
tha t  many  of the sine terms in (5) are the same. If 
in addition some of the displacements are equal or 
zero, then equalities or absences of corresponding re- 
flexion classes will result which may  be readily inter- 
preted. Moreover, the displacement of any especially 
heavy atoms may  always be determined from the 
moderately-high-angle superstructure reflexions, for 
such atoms will provide the predominant contribu- 
tion to these reflexions (see Vousden, 1951). 

C o n c l u s i o n s  

The above method should enable approximate values 
of the displacements to be calculated in at  least a 
moderately complex pseudosymmetric structure which 
has a superstructure. The correction for thermal vibra- 
tion is negligible since only moderately low-order re- 
flexions are used. Moreover, since it is a direct and 
not a trial-and-error method, the results obtained 
should be well founded, and any possible ambiguities 
in the structure may  be readily detected. 
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